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We consider Higher-Order Scalar-Tensor theories which appear degenerate when restricted
to the unitary gauge but are not degenerate in an arbitrary gauge. We dub them U-
degenerate theories. We provide a full classification of theories that are either DHOST or
U-degenerate and that are quadratic in second derivatives of the scalar field, and discuss its
extension to cubic and higher order theories. Working with a simple example of U-degenerate
theory, we find that, for configurations in which the scalar field gradient is time-like, the ap-
parent extra mode in such a theory can be understood as a generalized instantaneous, or
“shadowy” mode, which does not propagate. Appropriate boundary conditions, required by
the elliptic nature of part of the equations of motion, lead to the elimination of the apparent
instability associated with this extra mode.
I. INTRODUCTION
Scalar-tensor theories have always played a prominent role in providing alternative theories
of gravity. During the last few years, special attention has been devoted to scalar-tensor theories
whose Lagrangian contains second-order derivatives of a scalar field. An important requirement for
such theories is the absence of any Ostrogradski ghost, i.e. an extra degree of freedom generically
associated with higher time derivatives.
The absence of such a problematic extra mode is automatically guaranteed in Degenerate
Higher-Order Scalar-Tensor (DHOST) theories introduced in [1, 2], for which the degeneracy of the
Lagrangian leads to constraints that eliminate this potential extra scalar degree of freedom, even
if the associated Euler-Lagrange equations are higher-order. DHOST theories were explicitly con-
structed up to quadratic order in [1] (see also [3–5] for further details) and their full classification
up to cubic order (in second derivatives) was completed in [6]. DHOST theories extend the class
of Horndeski theories [7] and the (larger) class of Beyond Horndeski theories [8, 9] (another special
subclass of DHOST theories was found in [10], via disformal transformations of the Einstein-Hilbert
action).
In order to study Higher-Order Scalar-Tensor (HOST) theories, it is often convenient to resort
to the so-called unitary gauge, where the coordinates are chosen such that the scalar field is
spatially uniform, i.e. with only a time dependence. In other words, the constant time hypersurfaces
coincide with the constant scalar field hypersurfaces. This gauge choice is of course restricted to
configurations where the gradient of the scalar field is time-like but this is a natural assumption
in the cosmological context. In particular, the unitary gauge is a key ingredient of the effective
2description of modification of gravity, dark energy and inflation (see e.g. [11–17] and especially
[18] devoted to DHOST theories).
For Beyond Horndeski theories, the counting of the number of degrees of freedom was initially
carried out via a Hamiltonian formulation in the unitary gauge [8, 9, 19]. Potential limitations of
the unitary gauge were later pointed out in [20], where a Hamiltonian analysis valid in an arbitrary
gauge was also presented for a particular Beyond Horndeski theory (which in fact is related to a
Horndeski theory by a disformal transformation, according to the correspondence shown earlier
in [9]). A Hamiltonian analysis in an arbitrary gauge, using explicitly the degeneracy of the
Lagrangian, for all quadratic HOST (including DHOST) theories was subsequently given in [2].
A manifest pitfall of the unitary gauge is that there exist HOST theories which seem to be
degenerate when written in the unitary gauge but are not degenerate in their fully covariant
version and therefore are not DHOST theories. We will denote these theories U-degenerate. The
purpose of the present work is to study this very special class of theories and better understand
the number and role of the scalar degrees of freedom, from the point of view of the unitary gauge
or from that of an arbitrary gauge.
In this work, we first present a systematic and simple way to classify all HOST theories that are
either DHOST or U-degenerate. For quadratic theories (in second derivatives of the scalar field),
we find that their Lagrangian L can be written as the sum of a totally U-degenerate Lagrangian,
by which we mean a Lagrangian whose kinetic terms (for the scalar and tensor modes) vanish
in the unitary gauge, and another term that does not involve the metric curvature and can be
written in a simple way that makes the degeneracy in the unitary gauge manifest. Both terms
of the Lagrangian correspond to DHOST Lagrangians separately, but their sum is not a DHOST
Lagrangian. We then generalize this result to Lagrangians that involve arbitrary powers of second
derivatives φµν ≡ ∇ν∇µφ, starting with cubic theories. This provides a simple and systematic
parametrization of theories that are either DHOST or U-degenerate.
Interestingly, U-degenerate HOST theories include as particular examples the khronometric
theories discussed in [21, 22]. For these theories, the extra mode that appears in the covariant
formulation has been called “instantaneous mode.” In the more general context that we consider
here, the structure of the extra mode that appears is often more intricate than in the case of “in-
stantaneous” modes. We will call this mode a “generalized instantaneous mode”, or also “shadowy”
mode for a shorter denomination.
The notion of generalized instantaneous or shadowy mode can easily be understood by consid-
ering the following example of a non-dynamical Lagrangian in Minkowski spacetime,
L[ψ] =
1
2
ψ∆ψ , (1.1)
where ∆ is the Euclidean Laplacian operator. This Lagrangian leads to the Laplace equation
∆ψ = 0. In a different set of coordinates (t′, x′, y′, z′), with t′ = t+vx (v 6= 0) and the same spatial
coordinates, the Lagrangian for ψ becomes
L[ψ] = −1
2
[
(v∂t′ψ + ∂x′ψ)
2 + (∂y′ψ)
2 + (∂z′ψ)
2
] ∋ −v2
2
(∂t′ψ)
2 , (1.2)
which contains a kinetic term for ψ (with a negative sign). In this new frame, the action seems to
contain a dynamical degree of freedom, which corresponds to a shadowy mode.
In order to better understand the “shadowy” mode that arises in U-degenerate HOST theories,
we study in detail a simple toy-model. It is a higher-derivative scalar theory, inspired from U-
degenerate HOST theories, which we study in a flat two-dimensional spacetime for simplicity.
We consider some background solution and then make a linear perturbation analysis around this
background solution in two different coordinate systems. In the first one, the background solution
3is only time-dependent, corresponding to the choice of the unitary gauge for the background. In
the second one, the background solution is both time and space dependent, but the gradient of the
background scalar field is still assumed to be time-like. We then identify, in both approaches, the
degrees of freedom of the system and study the correspondence between these two calculations.
We find that the extra mode (which appears when the background is time and space dependent)
can be understood as a shadowy mode, which does not really propagate. Appropriate boundary
conditions, required by the elliptic nature of part of the equations of motion, lead to the elimination
of the apparent instability associated with this extra mode. Hence, our analysis in this simple toy-
model reconciles the two seemingly contradictory points of view based on the unitary gauge and
a non-unitary gauge. This toy model also illustrates that the unitary gauge (which can be used
for configurations where the gradient of the scalar field is time-like) constitutes a convenient gauge
choice, where the partially elliptic character of the equations of motion is more transparent and
where it is thus easier to fix appropriate boundary conditions.
The paper is organized as follows. In section II, we present the classification of HOST theories
that are U-degenerate, first focussing on quadratic theories then extending our classification to
higher order. In section III, we study in detail a simple but illustrative example of U-degenerate
theory in a two-dimensional Minkowski spacetime and analyse the number and nature of degrees
of freedom, depending on the gauge chosen to describe the background solution. We conclude with
a brief summary and a discussion. Some technical details are also given in the Appendices.
II. U-DEGENERATE HOST THEORIES
The goal of this section is to present a classification of U-degenerate HOST theories, i.e. Higher-
Order Scalar-Tensor (HOST) theories that are degenerate only in the unitary gauge. For this
purpose, we actually provide a classification of theories that are either DHOST or U-degenerate,
i.e. those that are degenerate at least in the unitary gauge. After a short review of DHOST
theories, which enables us to introduce some useful notations, we classify HOST Lagrangians that
are either DHOST or U-degenerate and that are quadratic in second derivatives φµν . We then
extend our classification to cubic theories and beyond in the last two subsections.
A. DHOST theories
We start with HOST theories whose Lagrangian is (at most) quadratic in the second derivatives
of the scalar field. The action of these theories takes the form
S[gµν , φ] =
∫
d4x
√−g
[
f2(φ,X)R + L
(2)
φ + f0(φ,X) + f1(φ,X)✷φ
]
, (2.1)
where R is the Ricci scalar, fA(φ,X) are arbitrary functions of φ and X ≡ φµφµ with φµ ≡ ∇µφ.
The term L
(2)
φ denotes the most general minimal coupling Lagrangian quadratic in φµν ≡ ∇µφν
and is given by
L
(2)
φ ≡
∑
A
αA(φ,X)L
(2)
A , (2.2)
where αA(φ,X) are functions of φ and X, and the elementary quadratic Lagrangians L
(2)
A are
L
(2)
1 = φµνφ
µν , L
(2)
2 = (✷φ)
2 , L
(2)
3 = (φ
µφνφµν)✷φ ,
L
(2)
4 = (φµνφ
νφµσφσ) , L
(2)
5 = (φ
µφνφµν)
2 . (2.3)
4These theories can be extended to include cubic terms, by adding to the action (2.1) the terms
∫
d4x
√−g
(
f3(φ,X)φµν G
µν +
10∑
A=1
bA(φ,X)L
(3)
A
)
, (2.4)
where the ten elementary cubic Lagrangians L
(3)
A are [6]
L
(3)
1 = (✷φ)
3 , L
(3)
2 = (✷φ)φµνφ
µν , L
(3)
3 = φµνφ
νρφµρ ,
L
(3)
4 = (✷φ)
2 φµφ
µνφν , L
(3)
5 = ✷φφµφ
µνφνρφ
ρ , L
(3)
6 = φµνφ
µνφρφ
ρσφσ ,
L
(3)
7 = φµφ
µνφνρφ
ρσφσ , L
(3)
8 = φµφ
µνφνρφ
ρ φσφ
σλφλ ,
L
(3)
9 = ✷φ (φµφ
µνφν)
2 , L
(3)
10 = (φµφ
µνφν)
3 .
(2.5)
In general, these theories propagate two scalar modes in addition to the usual two tensorial
modes, one of the two scalar modes being an Ostrogradsky mode. However, when the Lagrangian
is degenerate (i.e. it admits at least one primary constraint in addition to the usual constraints
associated with the diff-invariance), the theory propagates at most three degrees of freedom: the
extra constraints enable us to eliminate some degrees of freedom. The classification of degenerate
theories up to cubic order has been completed in [6].
B. Classification of U-degenerate quadratic Lagrangians
In order to classify all Lagrangians that are either DHOST or U-degenerate, it is useful to start
from the ADM decomposition of (2.1) in the unitary gauge, ignoring the f0 and f1 terms which
do not play any role in the degeneracy. We thus write the four-dimensional metric in the form
ds2 = −N2dt2 + γij
(
dxi +N idt
) (
dxj +N jdt
)
, (2.6)
whereN andN i are the lapse and shift, respectively, and γij is the 3-dimensional metric on constant
t spatial hypersurfaces. In the following, a dot will denote a partial derivative with respect to the
time coordinate t.
As shown in [2], the kinetic part of the (3+1) decomposition of the action (2.1) can be written
in the form
Skin =
∫
dt d3xN
√
γ
(
A A˙∗2 + 2BijA˙∗Kij +KijklKijKkl
)
, (2.7)
where Kij is the extrinsic curvature tensor and
A∗ ≡ 1
N
(
φ˙−N i∂iφ
)
. (2.8)
In the unitary gauge (where ∂iφ = 0), the coefficients that appear in (2.7) reduce to
AU = α1 + α2 + (α3 + α4)XU + α5X2U , (2.9)
BijU = 4f2X + 2α2 + α3XU , (2.10)
Kij,klU = (f2 − α1XU ) γi(kγl)j − (f2 − α2XU ) γijγkl , (2.11)
with XU ≡ −A2∗ = −φ˙2/N2, corresponding to the expression of X in the unitary gauge. The full
expressions of these coefficients in an arbitrary gauge can also be found in [2], but we will not need
them here.
5Let us first identify the Lagrangians that are non-dynamical when restricted to the unitary
gauge, i.e. for which all of the above coefficients vanish. As one can immediately see, this imposes
four conditions on the six functions f2 and αA. Thus, the family of Lagrangians which are non-
dynamical, i.e. totally U-degenerate, in the unitary gauge can be expressed in terms of only two
free functions (4 conditions for 6 initial free functions), for instance f2 and α5, while the other four
are determined by the relations
α1 = −α2 = f2
X
, α3 =
2
X
(
f2
X
− 2f2X
)
, α4 =
2
X
(
2f2X − f2
X
)
−Xα5 . (2.12)
This means that the quadratic Lagrangians that are totally U-degenerate in the unitary gauge can
explicitly be written in the form
LtUd[f2, α5] ≡ f2R+ f2
X
(
L
(2)
1 − L(2)2
)
+
2
X2
(f2 − 2Xf2X)
(
L
(2)
3 − L(2)4
)
− α5
(
XL
(2)
4 − L(2)5
)
, (2.13)
where f2 and α5 are free functions.
In order to classify all quadratic HOST theories that are U-degenerate, it is convenient to
decompose any Lagrangian into a totally U-degenerate part (2.13), which includes the Ricci scalar
term, and another part which depends only on the five elementary Lagrangians of (2.3). The total
Lagrangian thus reads
L = LtUd[f2, 0] + L˜φ , (2.14)
where L˜φ is of the form (2.2). As already mentioned, the f0 and f1 terms are not taken into account
here because they do not modify the degeneracy properties of the total Lagrangian.
Since the kinetic part of LtUd[f2, 0] vanishes in the unitary gauge, it is easy to see that any
Lagrangian L is U-degenerate if and only if the Lagrangian L˜φ is also U-degenerate. Moreover,
degeneracy of L˜φ means that the kinetic part of the Lagrangian, in the unitary gauge, can be
written in the form
L˜φ,kin = Kˆij,klU
(
Kij + σγijA˙∗
)(
Kkl + σγklA˙∗
)
, (2.15)
where
Kˆij,klU = −XU
(
α1 γ
i(kγl)j − α2 γijγkl
)
, (2.16)
which corresponds to (2.11) with f2 = 0, since L˜φ does not contain any curvature term by con-
struction. By expanding (2.15) and comparing with (2.7), one finds (by eliminating σ) that the
U-degenerate form (2.15) is possible if and only if the functions αA satisfy the relation
4(α1 + 3α2)
(
α1 + α2 +X(α3 + α4) +X
2α5
)
= 3(2α2 +Xα3)
2 . (2.17)
Not surprisingly, it coincides with the degeneracy condition in the unitary gauge, already derived
in [1]. Note that, by definition, U-degenerate theories satisfy the condition (2.17) but not all three
degenerate conditions obtained in [1].
The expression of the Lagrangian written in the unitary gauge can easily be “covariantized” by
using the Stueckelberg trick (see the Appendix for the correspondence). One thus obtains, instead
of the parametrization in terms of the functions αA, a parametrization of all U-degenerate theories
6in terms of the five functions f2, κ1, κ2, σ and α, which depend on X and φ, with a Lagrangian of
the form
L = LtUd[f2, α] + Kˆµν,ρσ (φµν + σ Y gµν) (φρσ + σ Y gρσ) , (2.18)
where
Kˆµν,ρσ ≡ κ1hµ(ρhν)σ + κ2hµνhρσ , hµν ≡ gµν − 1
X
φµφν , Y ≡ φαφαβφβ . (2.19)
This is of course compatible with the parametrization (2.14) in terms of six functions constrained
by the single relation (2.17). To make the relationship between these two parametrizations explicit,
let us expand (2.18) in terms of the elementary Lagrangians. One obtains
L = f2R+
(
κ1 +
f2
X
)
L
(2)
1 +
(
κ2 − f2
X
)
L
(2)
2
+
(
2
f2
X2
− 4f2X
X
+ 2σκ1 + 2
[
3σ − 1
X
]
κ2
)
L
(2)
3
+
(
α+ 2
f2X
X
− 2f2
X2
− 2
X
κ1
)
L
(2)
4
+
(
− α
X
+
2f2X
X2
+ κ1
[
1
X2
+ 3σ2 − 2σ
X
]
+ κ2
[
3σ − 1
X
]2)
L
(2)
5 , (2.20)
and it is straightforward to check that this Lagrangian indeed satisfies the condition (2.17). The
above Lagrangian includes both U-degenerate theories and DHOST theories, since the latter also
satisfy the condition (2.17).
C. Beyond quadratic order
In order to classify all theories that are either DHOST or U-degenerate up to third order in
second derivatives of φ, one can follow the same strategy as in the previous section and first identify
the theories that are totally U-degenerate, i.e. nondynamical in the unitary gauge. By using the
ADM decomposition of HOST theories, up to cubic order, given in [18], one finds that all the
kinetic terms vanish in the unitary gauge when the following eleven relations are satisfied by the
functions αA, bA and fA :
b1 = b2 = b3 = 0 , b4 = −b6 = −f3X
X
, b5 +Xb9 = −2f3X
X
,
b7 +Xb8 +X
2b10 =
2f3X
X
, α1 =
f2
X
+
f3φ
2
, α2 = −f2
X
+
f3φ
2
, (2.21)
α3 =
2
X
(
f2
X
− f3φ
X
− 2f2X
)
, α4 +Xα5 =
2
X
(
2f2X − f2
X
)
.
Since the initial Lagrangian depends on 17 functions, this implies that totally U-degenerate theories
depend on 6 arbitrary functions that can be chosen to be f3, b8, b9, b10 for the cubic part, and f2, α5,
as before for the quadratic part, so that
LtUd[f2, f3, α5, b8, b9, b10] = L
(2)
tUd[f2, f3, α5] + L
(3)
tUd[f3, b8, b9, b10] , (2.22)
where, on the right-hand side, we have separated the terms that can be expressed in terms of the
scalar curvature and of the quadratic Lagrangians (2.3), and those written in terms of Gµνφµν and
(2.5). Note that the quadratic part depends on f3 too, if f3φ is nonzero.
7Similarly to the quadratic case discussed previously, all U-degenerate Lagrangians up to cubic
order can be written in the form
L = LtUd[f2, f3, α5, b8, b9, b10] + Kˆµν,ρσ (φµν + σY gµν) (φρσ + σY gρσ)
+ Kˆµν,ρσ,αβ3 (φµν + σY gµν) (φρσ + σY gρσ) (φαβ + σY gαβ) , (2.23)
where
Kµν,ρσ,αβ3 ≡ ω1 hµνhρσhαβ + ω3
(
hν(ρhσ)(αhβ)µ + hµ(ρhσ)(αhβ)ν
)
+ω2
(
hµ(ρhσ)νhαβ + hα(ρhσ)βhµν + hα(µhν)βhρσ
)
, (2.24)
with σ and ωA arbitrary functions of φ and X. One can show that the three parts of the Lagrangian
(2.23) correspond separately to DHOST theories. In fact, the last two terms of (2.23), which do
not depend on f2 and f3, correspond to any DHOST Lagrangian satisfying f2 = f3 = 0. They
have been classified in [6], but can also be written in this very simple form, parametrized by 10
arbitrary functions of X and φ, namely α5, b8, b9, b10, κ1, κ2, ω1, ω2, ω3 and σ. One can verify that
these Lagrangians indeed satisfy the degeneracy conditions presented in [6].
One can then generalize these results to parametrize U-degenerate theories with a Lagrangian
L that contains arbitrary powers of φµν . Following (2.23), one writes L as L = LtUd + Lφ where
LtUd is given by (2.22) and contains all the curvature terms, while Lφ is a degenerate Lagrangian
obtained by combining Xµν ≡ φµν + σY gµν with the projector hµν ,
Lφ = K [φµν + σ Y gµν , hρσ] . (2.25)
Formally, one can expand K as
K(Xµν) =
∑
A
Kµ1ν1,µ2ν2,··· ,µAνAA Xµ1ν1 · · ·XµAνA , (2.26)
where KA are tensors constructed from hµν only. Once again, let us stress that the general La-
grangians given above include both U-degenerate theories and DHOST theories.
III. AN ILLUSTRATIVE EXAMPLE
After having classified all U-degenerate theories in the previous section, we would like to better
understand the number of degrees of freedom present in these theories, as well as their nature. In
particular, since U-degenerate theories are degenerate in the unitary gauge but non-degenerate in
another gauge, one would naively expect the presence of a single scalar degree of freedom in the
unitary gauge but the appearance of an extra scalar degree of freedom when working in another
gauge. We would like to understand how these two seemingly contradictory points of view can be
reconciled.
For simplicity, we are going to restrict our analysis to a very simple model, directly inspired
from the classification of the previous section but for which we ignore the tensor degrees of freedom
to concentrate only on the scalar modes. Such a simple model is provided, for instance, by the
totally U-degenerate Lagrangian LtUd[0, µ] defined in (2.13), where we choose µ to be constant,
restricted to a Minkowski spacetime. This Lagrangian is however too simple in the sense that
it does not contain any propagating degree of freedom in the unitary gauge, where it is totally
degenerate. For this reason, we add to this Lagrangian a standard kinetic term, which guarantees
the presence of a propagating degree of freedom in the unitary gauge.
8We thus consider the following Lagrangian
L = −1
2
X − µ
(
XL
(2)
4 − L(2)5
)
. (3.1)
Since we do not consider the metric fluctuations, the kinetic part of the Lagrangian written in the
ADM form (2.7) reduces, ignoring f0 (in the present case, −X/2), to
Lkin = A A˙∗2 , (3.2)
where
A = α1 + α2 − (α3 + α4)A2∗ + α5A4∗ = µ
(
XA2∗ +A
4
∗
)
. (3.3)
In the unitary gauge, X = −A2∗ and A vanishes. However, in an arbitrary gauge, we find
A = µA2∗ (∂iφ)2, (3.4)
which does not vanish in general. We would thus expect to find an extra mode in this case.
A. Analysis in a unitary gauge background
Assuming that the scalar field has a time-like spacetime gradient, we can work in the unitary
gauge and consider the background field
φ¯ = t . (3.5)
Considering the perturbed solution
φ = t+ χ(t, x) , (3.6)
the Lagrangian quadratic in perturbations is given by
L0 = 1
2
(
χ˙2 − χ′2)+ µχ˙′2 , (3.7)
and no second time derivative appears. This is to be expected since the background is in the
unitary gauge.
The dispersion relation is (
1 + 2µk2
)
ω2 − k2 = 0 , (3.8)
which gives the two solutions
ω = ± k√
2µk2 + 1
, (3.9)
corresponding to a single degree of freedom. Here, as a boundary condition, we have implicitly
assumed that the field does not diverge at spatial infinity so that k is real.
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FIG. 1: Frequency ω as a function of k for the four modes that appear in the non-unitary gauge: ω1(k),
ω2(k) correspond respectively to the dashed and continuous black curves. The real and imaginary parts of
ω3(k) and ω4(k) are plotted respectively as continuous and dotted grey curves.
B. Analysis in a non-unitary gauge background
We now consider a background solution of the form
φ¯ = t+ αx , (3.10)
which is also a solution of the equations of motion. If α 6= 0, this background solution is not
described in the unitary gauge since the scalar field has now an explicit spatial dependence.
We then consider the perturbed solution
φ = t+ αx+ χ(t, x) . (3.11)
Substituting into (3.1), one can derive the Lagrangian quadratic in χ, which reads
Lα = 1
2
(
χ˙2 − χ′2)+ µ [α2 (χ¨2 + χ′′2)− 2α(1 + α2)(χ¨χ˙′ + χ′′χ˙′) + (1 + 4α2 + α4)χ˙′2] . (3.12)
One can immediately check that, when α = 0, one recovers the previous case (3.7).
By considering plane wave solutions of the equations of motion, of the form χ ∝ exp(−iωt+ikx),
one obtains the dispersion relation
2α2µω4+4α
(
α2 + 1
)
kµω3+
(
2
(
α4 + 4α2 + 1
)
k2µ+ 1
)
ω2+4α
(
α2 + 1
)
k3µω+2α2k4µ−k2 = 0 .
(3.13)
In contrast with (3.8), this dispersion relation is polynomial in ω up to fourth order, when α 6= 0
(if α = 0, one recovers (3.8) obviously). This leads to four solutions for ω: two of them are real
and we will denote them ω1 and ω2. The other two are complex conjugate, i.e. of the form
ω3,4 = ω± = ωr ± i ωi . (3.14)
The four solutions of the dispersion relation (3.13), for a particular choice of α and µ, are plotted
in Fig. 1.
A priori, the fact that the equation of motion is fourth order indicates that four initial conditions
need to be specified to evolve the system. At some initial time, say t = 0, one needs as initial
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data the four functions χ(0, x), χ˙(0, x), χ¨(0, x),
...
χ(0, x), which can be assumed to be regular and
to decay at spatial infinity (or even be nonzero only in a compact region of space).
In Fourier space, the equation for χ yields an ordinary differential equation for each Fourier mode
χ(t, k), which is fourth order in time derivatives. This equation admits four independent particular
solutions of the form χ(t, k) ∝ eiωt, corresponding to the four solutions ω of the dispersion relation
(3.13). As a consequence, the general solution can be written in the form
χ(t, k) =
4∑
A=1
uA(k) e
i ωA(k)t , (3.15)
where the coefficients uA(k) are determined from the initial conditions χ(0, x), χ˙(0, x), χ¨(0, x),...
χ(0, x), or equivalently χ(n)(0, k) for n = 0, 1, 2, 3, by inverting the four relations
χ(n)(0, k) =
4∑
A=1
(iω)nuA(k) . (3.16)
This yields
u1 =
ω2 ω3 ω4 χ(0) + i(ω2ω3 + ω3ω4 + ω4ω2)χ˙(0)− (ω2 + ω3 + ω4)χ¨(0)− i
...
χ(0)
(ω2 − ω1)(ω3 − ω1)(ω4 − ω1) , (3.17)
and similar expressions for the other coefficients uA, up to a permutation of the indices A.
Substituting these coefficients into (3.15), one obtains the full time evolution of χ(t, k), or
equivalently χ(t, x) via inverse Fourier transform. In the generic case where u3 and u4 are nonzero,
the imaginary part of ω3 and ω4 implies an exponential time evolution, thus signalling an apparent
instability. As we shall see below, this instability can be avoided by taking into account appropriate
boundary conditions, e.g. the regularity at spatial infinity.
C. Comparison between the two approaches
In this subsection, we discuss how the two previous analyses can be reconciled. In the following,
we assume that −1 < α < 1 so that the gradient of the background scalar field (3.10) is time-like.
First of all, let us note that the background solution (3.10), given in a non-unitary gauge, can
also be described in a unitary gauge by using a new coordinate system, obtained via the boost
transformation
t˜ = T˜ (t, x) ≡ 1√
1− α2 (t+ αx) , x˜ = X˜(t, x) ≡
1√
1− α2 (x+ αt) . (3.18)
In the coordinates (t˜, x˜), the scalar field (3.10) is given by φ¯ =
√
1− α2 t˜.
Accordingly, on substituting
ω =
1√
1− α2 (ω˜ − αk˜) , k =
1√
1− α2 (k˜ − αω˜) , (3.19)
which correspond to the (inverse) boost of the wave vector (ω˜, k˜), into the dispersion relation (3.13)
gives (
1 + 2µ˜ k˜2
)
ω˜2 − k˜2 = 0 , µ˜ ≡ µ(1− α2)2 , (3.20)
which is of the form (3.8), with a rescaling of µ due to the fact that φ¯ is not strictly equal to t˜,
but simply proportional to it.
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Similarly, the equation of motion can be rewritten as[
1− 2µ(1− α2)2∂2x˜
]
∂2
t˜
χ− ∂2x˜χ = 0 , (3.21)
where
∂t˜ ≡
1√
1− α2 (∂t − α∂x) , ∂x˜ ≡
1√
1− α2 (∂x − α∂t) , (3.22)
and the perturbation χ = χ(T (t˜, x˜),X(t˜, x˜)) is now viewed as a function of (t˜, x˜) with
X(t˜, x˜) =
1√
1− α2 (x˜− αt˜) , T (t˜, x˜) =
1√
1− α2 (t˜− αx˜) . (3.23)
In contrast with the equation of motion written in the original coordinate system, the equation
(3.21) is only second order in time derivatives. One can easily decompose this fourth-order equation
of motion into two second-order equations, one hyperbolic and the other elliptic,
(∂2
t˜
− ∂2x˜)χ = ψ , (3.24)
(∂2x˜ − κ2)ψ = −∂4x˜χ , (3.25)
where
κ =
1√
2µ
1
1− α2 . (3.26)
Hereafter we assume µ > 0 so that κ is real and positive. The second equation (3.25) can be easily
integrated on a hypersurface where t˜ is constant (i.e. t + αx is constant) provided a boundary
condition for ψ is properly specified at infinity. Hence, there is clearly no instability in this frame.
To understand how the two approaches are related, let us express one of the complex frequency
modes found above, i.e.
χsh(t, x) = e
i(ωt−kx) , with ω = ωr ± i ωi , (3.27)
in terms of the coordinates (t˜, x˜) gives
χsh(t˜, x˜) = exp
{
i
[
(ωr + αk)t˜ − (k + αωr)x˜√
1− α2
]}
e
∓ ωi√
1−α2
t˜
e
± αωi√
1−α2
x˜
. (3.28)
This shows that these modes diverge at spatial infinity in the new coordinate system. This explains
why these modes do not appear when one starts the analysis around a unitary gauge background
and demands the regularity of the initial data at spatial infinity.
Imposing appropriate boundary conditions for the elliptic equation (3.25), for instance that the
acceptable solutions should be well-behaved at spatial infinity, eliminates the complex frequency
modes (3.28). In the description (3.15), such boundary conditions would impose that u3 = u4 = 0.
In terms of initial conditions, this implies that the second and third order derivatives χ(2)(0, k) and
χ(3)(0, k) are not independent but are instead fixed in terms of χ(0, k) and χ˙(0, k). Explicitly, one
finds
χ(2)(0, k) = ω1 ω2 χ(0, k) + i(ω1 + ω2) χ˙(0, k) , (3.29)
χ(3)(0, k) = iω1 ω2(ω1 + ω2)χ(0, k) − (ω21 + ω1 ω2 + ω22) χ˙(0, k) . (3.30)
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One can check that the single degree of freedom that appears with a unitary gauge background
automatically verifies the above constraints. Such a mode is of the form
χu(t, x) = e
i(ω˜T˜ (t,x)−k˜X˜(t,x)) = exp
{
i
[
(ω˜ − αk˜)t− (k˜ − αω˜)x√
1− α2
]}
, (3.31)
where ω˜ satisfies the unitary gauge dispersion relation (3.8). By computing the time derivatives of
χu, one can verify that the conditions (3.29) and (3.30) are indeed satisfied.
In summary, we have found that arbitrary initial conditions, defined in some Lorentz frame
where the background field is space dependent, generically lead to the presence of an apparent
exponential instability. However, this instability is eliminated by imposing appropriate boundary
conditions required to solve the elliptic part of the equations of motion.
D. Green’s function and emergence of light-cone at long distance
In this section, we study further the dynamics of the perturbation χ in both coordinate systems.
Let us start considering the equation of motion for χ in the (t˜, x˜) coordinate systems written in
the form (3.24) and (3.25). To integrate the first equation (3.24) explicitly, it is useful to introduce
the Green’s function G(x˜, x˜′), defined by
(∂2x˜ − κ2)G(x˜, x˜′) = δ(x˜− x˜′) . (3.32)
If we require the regularity condition at infinity
lim
x˜→±∞
∣∣G(x˜, x˜′)∣∣ <∞ , (3.33)
the Green’s function (3.32) is given by
G(x˜, x˜′) = − 1
2κ
e−κ|x˜−x˜
′| . (3.34)
As a consequence, the solution to (3.25) is
ψ(t˜, x˜) =
1
2κ
∫
dy˜
∂4
∂y˜4
χ
(
T (t˜, y˜),X(t˜, y˜)
)
e−κ|x˜−y˜| . (3.35)
Substituting this solution back to (3.24), one obtains an equation for χ that includes only second
order time derivatives. Obviously, ψ represents the “shadowy” mode and the typical length scale
of the “shadow” is 1/κ. In the limit κ →∞, the length of the “shadow” vanishes and there is no
shadowy mode, as one can see directly from the Lagrangian (3.12).
From the previous analysis, we show that (with appropriate boundary conditions) the equation
for χ in the (t˜, x˜) coordinate system reduces to
(∂2
t˜
− ∂2x˜)χ =
1
2κ
∫
dy˜
∂4
∂y˜4
χ
(
T (t˜, y˜),X(t˜, y˜)
)
e−κ|x˜−y˜| . (3.36)
Thus, the perturbation χ is uniquely determined by the datas of χ and ∂t˜χ on a constant t˜
hypersurface, say t˜ = 0.
Now, when one considers the equation of motion in the (t, x) coordinate system, one might
wonder whether the values of χ and ∂tχ on a constant t hypersurface can uniquely determine the
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evolution of the system or not. To answer this question, we first reformulate (3.36) in the (t, x)
coordinate system as follows,
(∂2t − ∂2x)χ = ψ(t, x) with (3.37)
ψ(t, x) =
1
2κ
∫
dy˜
∂4
∂y˜4
χ
(
T (T˜ (t, x), y˜),X(T˜ (t, x), y˜)
)
e−κ|X˜(t,x)−y˜| , (3.38)
where the functions T , T˜ , X and X˜ were given in (3.18) and (3.23). We will argue that the answer
is positive, at least for κL ≫ 1, where L is the length scale of interest which characterizes the
variations of χ in space. For κL≫ 1, we also argue that the concept of lightcone emerges.
The absolute value of the Green’s function (3.34) has the maximum (2κ)−1 at x˜ = x˜′ and decays
exponentially away from it. Hence, if the length scale L is sufficiently longer than 1/κ then, as one
can easily confirm for each Fourier mode, (3.38) implies that ψ scales as
|ψ| ∼ O(ǫ)× |∂2Xχ| ≪ |∂2Xχ| , (3.39)
where we have introduced the small bookkeeping parameter ǫ = 1/(κL). Therefore, at the lowest
order in ǫ, (3.24) reduces to
(∂2t − ∂2x)χ ≃ 0 , (3.40)
which gives an approximate solution χ ≃ χ(0)(t, x) from the initial values of χ and ∂tχ on a
hypersurface of constant t. For this approximate solution the concept of lightcone makes sense (as
we recover the usual d’Alembert equation).
Furthermore, one can systematically improve the approximation by expanding χ and ψ in powers
of ǫ as
χ = χ(0) + χ(1) + χ(2) + · · · , ψ = ψ(1) + ψ(2) + · · · , (3.41)
where χ(n) = O(ǫn) and ψ(n) = O(ǫn). Substituting these expansions in (3.37) and (3.38), at the
lowest order in ǫ, one recovers (3.40) for χ(0) and
ψ(1)(t, x) =
1
2κ
∫
dy˜
∂4
∂y˜4
χ(0)
(
T (T˜ (t, x), y˜),X(T˜ (t, x), y˜)
)
e−κ|X˜(t,x)−y˜| . (3.42)
Suppose that the initial condition for χ is specified on an initial surface at t0 as (χ(t0, x), ∂tχ(t0, x))
= (χ0(x), χ1(x)). One can easily solve (3.40) for χ
(0) with the initial condition given by (χ(0)(t0, x),
∂tχ
(0)(t0, x)) = (χ0(x), χ1(x)), and obtain a solution χ
(0)(t, x) for all (t, x). One can then calculate
the right hand side of (3.42) to give ψ(1)(t, x) for all (t, x). The leading correction to χ(0) is given
by solving the O(ǫ) part of (3.37), namely
(∂2t − ∂2x)χ(1) = ψ(1) , (3.43)
with the initial condition χ(1)(t0, x) = ∂tχ
(1)(t0, x) = 0. Higher order corrections are also calculable
in a similar way. The derivative (or long-distance) expansion (3.41) is expected to converge as far
as ǫ≪ 1.
We thus conclude that for µ > 0 and under the appropriate boundary condition, the values of χ
and ∂tχ on a surface of constant t (instead of T˜ (t, x) constant) uniquely determines the evolution
of the system as far as the length scale of interest is sufficiently longer than 1/κ. Moreover, in
this limit, since χ(0) gives a good approximation to the full solution χ and the concept of lightcone
makes sense for χ(0), we also conclude that the concept of lightcone emerges at long distances.
In summary, if we are interested in physics at length scales sufficiently longer than the length of
the “shadow” then the “shadowy” mode is invisible and the evolution of the system appears to be
Lorentz-invariant.
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IV. CONCLUSION
We have studied Higher-Order Scalar-Tensor theories that are not DHOST theories but are
nevertheless degenerate when restricted to the unitary gauge. These theories, which we have
dubbed U-degenerate, appear to contain one more dynamical degree of freedom in their covariant
formulation than when restricted to the unitary gauge.
In the first part of the present work, we have shown how the class of theories that are either
DHOST or U-degenerate can be systematically classified. We have found that quadratic theories
of this class can be described by a Lagrangian that depends on five arbitrary functions (see Eq
(2.20)), obtained by combining two DHOST Lagrangians: the first includes the curvature term
(and is totally U-degenerate), the second can be written in a simple form where the degeneracy is
manifest. We have then extended this description to theories that are cubic and higher order. Note
that all our general Lagrangians that describe this class of theories also include as particular cases
DHOST theories, since the latter automatically satisfy the unitary-gauge degeneracy condition, as
a consequence of the full system of degeneracy conditions.
In the second part of this article, we have tried to reconcile the apparently contradictory points
of view when the background scalar field (whose gradient is assumed to be time-like) is described
in the unitary gauge or in a different gauge, by studying a simple toy model where the tensor
modes, i.e. gravity, are ignored. In this model, we have found that the extra degree of freedom
that appears in a non-unitary gauge can be understood as a generalized instantaneous mode, or
“shadowy mode”, which does not propagate. Indeed, this extra mode is governed by an elliptic
equation, which is manifest in the unitary gauge (although somewhat obscured by the mixing of
time and space in another gauge). Imposing appropriate boundary conditions, namely regularity at
spatial infinity, leads to the elimination of the apparent instability in a non-unitary gauge. In this
sense, the fact that the system in the unitary gauge seems to contain one less dynamical degree
of freedom than in another gauge is due to the fact that the boundary conditions are already
implemented implicitly in the unitary gauge, whereas they need to be taken into account explicitly
in the other gauges.
Beyond the particular example we have studied, our analysis strongly suggests that U-degenerate
theories, when the scalar field gradient is time-like and with appropriate boundary conditions,
propagate a single scalar degree of freedom, while the extra degree of freedom, the shadowy mode,
is non-dynamical.
This would mean that, within these conditions, U-degenerate theories are safe from Ostrogradski
instabilities and therefore worth exploring phenomenologically. The behaviour of U-degenerate
theories might differ from that of DHOST theories1, and we plan to investigate their potentially
new features in the future. It would also be very interesting to extend our analysis to the case where
the tensor degrees of freedom are taken into account, studying for example the linear perturbations
about a non-isotropic cosmological background.
Another important issue related to the presence of the shadowy/instantaneous mode is the
existence of black holes. In khronometric theories, it was shown that black holes still exist, but
their boundaries are now universal horizons [22]. Recently, such black holes have been studied
intensively [23, 24], and it would be very interesting to investigate the existence, formation and
thermodynamics of black holes in U-degenerate theories.
1 For linear cosmological perturbations, one can find in [18] the quadratic action for the physical scalar degree of
freedom when taking into account only the unitary degeneracy condition.
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Appendix A: Instantaneous modes in khronometric theories
Instantaneous modes have been introduced in the context of massive gravity in [25], and later
on considered in [21, 22] in the context of khronometric theories which are simple examples of
higher-order scalar-tensor theories. In the later case, the notion of instantaneous modes has been
defined at the perturbative level about a homogeneous background.
Indeed, if one considers the dynamics of a small perturbation of the scalar field (the khronon),
φ = t+ χ where χ is the perturbation about the solution φ = t, on a fixed Minkowski background
gµν = ηµν , one easily sees that the quadratic action for χ is higher order in space derivatives only:
S
(2)
khr[χ] =
∫
d4x
[
α(∂iχ˙)
2 + β(∆χ)2
]
, (A1)
where α and β can be reduced to non-zero constants (not functions) for our discussion here. The
corresponding dispersion relation
αω2k2 + βk4 = αk2(ω2 − c2sk2) = 0 , (A2)
shows that the action describes a single mode propagating with a finite velocity c2s = −β/α.
However, one can interpret the presence of higher spatial derivatives in the equations of motion as
the signature of a second mode propagating with an infinite speed: this is the reason why such a
mode has been said to be instantaneous in [21]. Obviously, these instantaneous modes are simple
examples of our shadowy modes.
Appendix B: A covariant form for the totally degenerate action
This section aims at formulating the Lagrangian (2.13) in a covariant form. For that purpose,
we start using the (scalar) Gauss-Codazzi relation
R = 3R[h] +KµνK
µν −K2 − 2∇µ(aµ −Knµ) , (B1)
which links the four dimensional Ricci scalar R (associated to the metric gµν) with the three
dimensional Ricci scalar 3R[h] associated to the three-dimensional spatial metric
hµν ≡ gµν − 1
X
φµφν . (B2)
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In (B1), the normal unit vector is given by
nµ ≡ φµ√−X , (B3)
from which we easily deduce the components of the acceleration vector aµ and of the fundamental
two-form Kµν
aµ = n
ν∇νnµ = − 1
X
hµαφ
ανφν = − 1
X
[
φνφµν − 1
X
(φαφαβφ
β)φµ
]
, (B4)
Kµν = h
α
µh
β
ν∇αnβ =
1√−X
[
φµν +
1
X2
(φαφαβφ
β)φµφν − 1
X
φβ(φµφνβ + φνφµβ)
]
. (B5)
Replacing these expressions in the (scalar) Gauss-Codazzi relation (B1), one easily shows, after an
immediate calculation, that LtUd[f2, α5] can be expressed as
LtUd[f2, α5] = f2
3R[h] + α a2 + 2f2φ h
µνφµν +∇µ
[
2f2
X
(φνφ
µν − φµ✷φ)
]
, (B6)
where a2 ≡ aµaµ, and α ≡ −X3α5 is a function independent of f2.
The expression (B6) is interesting because it shows explicitly (and in a covariant way) that LtUd
does not contain any second time derivatives of the scalar field. Second derivatives are space-like
only. First of all, the original four dimensional Ricci scalar combines with the Lagrangians L
(2)
A in
order to reduce to the three-dimensional Ricci scalar of hµν , which is the first term in (B6), plus
a small number of additional terms at the end of the calculation. Then, the second term in (B6),
constructed from the acceleration vector, can be easily reformulated as follows:
α a2 =
α
4X2
(∂αX)h
αβ(∂βX) = (∂αF )h
αβ(∂βF ) , (B7)
where F (φ,X) is a function of φ and X such that F 2X = α/(4X
2). Even though F contains
time derivatives of φ via X, (B7) does not produce higher time derivatives, because only space
derivatives of F are present. Finally, the third term in (B6) involves also first time derivatives of
φ only which appear via the Christoffel symbol Γρµν of the metric gµν according to
hµνφµν ∋ −hµνΓ0µν φ˙ . (B8)
Of course, we disregard the last term in (B6) which is an irrelevant total derivative.
Appendix C: Counting degrees of freedom
In this section, we count the number of degrees of freedom of the totally degenerate theory
(2.13) expressed in the unitary gauge thanks to a Hamiltonian analysis. To do so, we first rewrite
the action (2.13) as follows∫
d4x
√
γ
[
f(N) 3R+ β(N)γij γ˙ij + N˜
i∂iN
]
, (C1)
where
f(N) ≡ Nf2(N) , β(N) ≡ −f2φ(N)
N
, N˜ i ≡ 2 ∂β
∂N
N i +
α5
N7
γij∂jN . (C2)
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For simplicity we have omitted to mention explicitly the time dependence of the functions in the
Lagrangian. When (∂β/∂N) 6= 0 (what we assume here), one can change the variable N i by N˜ i.
Integrating out this new variable, one obtains that N is a function of time only, and then the action
(C1) is shown to be equivalent to∫
d4x
√
γ
[
f(t) 3R+ β(t)γij γ˙ij
]
, (C3)
where we have used the notation f(t) for f(t,N(t)) (same thing for β(t)).
To start the Hamiltonian analysis, one introduces the 6 pairs of conjugate variables (γij , p
kl)
with the Poisson bracket
{γij(~x), pkl(~y)} = δk(iδlj)δ3(~x− ~y) , (C4)
which satisfy the 6 primary constraints
χij ≡ pij − β(t)√γγij ≈ 0 . (C5)
To go further, it is very useful to decompose the family of primary constraints into two independent
sets (χij) = (χi‖, χ
i
⊥) where χ
i
‖ are the 3 longitudinal components of the constraints
χi‖ ≡ Dj
(
χij√
γ
)
= Dj
(
pij√
γ
)
, (C6)
and (χi⊥) are the 3 transverse components. Thus, the total Hamiltonian reads
Htot =
∫
d3x
√
γ
[
−f(t) 3R+ λiχi⊥ + µiχi‖
]
, (C7)
where λi and µi are Lagrange multipliers which enforce the primary constraints. It is easy to see
that χi‖ ≈ 0 are always conserved under time evolution whereas the conservation of χi⊥ ≈ 0 leads
to 3 secondary constraints ϕi ≈ 0. To see this in indeed the case, let us remark that
χ˙ij =
∂χij
∂t
+ {χij ,Htot} = f(t)Gij − β˙(t)γij ≈ 0 , (C8)
where Gij are the component of the Einstein tensor associated to γij . Now, it becomes obvious
(due to the conservation of Gij) that χ˙i‖ ≈ 0 with no conditions, and only three components of χ˙ij
are non-vanishing, which leads to 3 secondary constraints.
The Dirac algorithm closes here (there is no tertiary constraints) with 9 constraints in total:
χi‖ ≈ 0 are in fact first class (and they are associated to the invariance of the theory under spatial
diffeomorphisms); the 6 remaining constraints form a set of second class constraints. As we started
with 6 pairs of variables, we end up with [6− 3− 6/2] = 0 degree of freedom.
In the special case where (∂β/∂N) = 0, which means that β depends on t only, the action (C1)
reduces to
S =
∫
d4x
√
γ
[
f(N) 3R+ β(t)γij γ˙ij + α˜(N)γ
ij∂iN∂jN
]
, (C9)
where α˜(N) = α5(N)/N
7. To make the Hamiltonian analysis, we start now with 7 pairs of
conjugate variables
{γij(~x), pkl(~y)} = δk(iδlj)δ3(~x− ~y) , {N(x), π(y)} = δ3(~x− ~y) , (C10)
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which satisfy the 7 primary constraints
χij ≡ pij − β(t)γij ≈ 0 , π ≈ 0 . (C11)
The analysis of the constraints χij is exactly the same as the previous case. Concerning the new
constraint π ≈ 0, its time evolution leads to the secondary constraint
H ≡ δS
δN
≈ 0 , (C12)
which is nothing but the Euler-Lagrange equation for the lapse N . There are no tertiary constraints
and we end up with 3 first class constraints (associated to the invariance under space diffeomor-
phisms) together with 8 second class constraints. As we have started with 7 pairs of conjugate
variables, here again we conclude that the theory has no degrees of freedom.
[1] D. Langlois and K. Noui, “Degenerate higher derivative theories beyond Horndeski: evading the
Ostrogradski instability,” JCAP 1602 (2016), no. 02 034, 1510.06930.
[2] D. Langlois and K. Noui, “Hamiltonian analysis of higher derivative scalar-tensor theories,” JCAP
1607 (2016), no. 07 016, 1512.06820.
[3] M. Crisostomi, K. Koyama, and G. Tasinato, “Extended Scalar-Tensor Theories of Gravity,” JCAP
1604 (2016), no. 04 044, 1602.03119.
[4] C. de Rham and A. Matas, “Ostrogradsky in Theories with Multiple Fields,” JCAP 1606 (2016),
no. 06 041, 1604.08638.
[5] J. Ben Achour, D. Langlois, and K. Noui, “Degenerate higher order scalar-tensor theories beyond
Horndeski and disformal transformations,” Phys. Rev. D93 (2016), no. 12 124005, 1602.08398.
[6] J. Ben Achour, M. Crisostomi, K. Koyama, D. Langlois, K. Noui, and G. Tasinato, “Degenerate
higher order scalar-tensor theories beyond Horndeski up to cubic order,” JHEP 12 (2016) 100,
1608.08135.
[7] G. W. Horndeski, “Second-order scalar-tensor field equations in a four-dimensional space,”
Int.J.Theor.Phys. 10 (1974) 363–384.
[8] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, “Healthy theories beyond Horndeski,” Phys. Rev.
Lett. 114 (2015), no. 21 211101, 1404.6495.
[9] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, “Exploring gravitational theories beyond
Horndeski,” JCAP 1502 (2015), no. 02 018, 1408.1952.
[10] M. Zumalaca´rregui and J. Garc´ıa-Bellido, “Transforming gravity: from derivative couplings to matter
to second-order scalar-tensor theories beyond the Horndeski Lagrangian,” Phys.Rev. D89 (2014),
no. 6 064046, 1308.4685.
[11] N. Arkani-Hamed, H.-C. Cheng, M. A. Luty, and S. Mukohyama, “Ghost condensation and a
consistent infrared modification of gravity,” JHEP 05 (2004) 074, hep-th/0312099.
[12] N. Arkani-Hamed, P. Creminelli, S. Mukohyama, and M. Zaldarriaga, “Ghost inflation,” JCAP 0404
(2004) 001, hep-th/0312100.
[13] P. Creminelli, M. A. Luty, A. Nicolis, and L. Senatore, “Starting the Universe: Stable Violation of the
Null Energy Condition and Non-standard Cosmologies,” JHEP 0612 (2006) 080, hep-th/0606090.
[14] C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan, and L. Senatore, “The Effective Field Theory
of Inflation,” JHEP 0803 (2008) 014, 0709.0293.
[15] G. Gubitosi, F. Piazza, and F. Vernizzi, “The Effective Field Theory of Dark Energy,” JCAP 1302
(2013) 032, 1210.0201.
[16] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, “Essential Building Blocks of Dark Energy,”
JCAP 1308 (2013) 025, 1304.4840.
[17] J. Gleyzes, D. Langlois, and F. Vernizzi, “A unifying description of dark energy,” Int.J.Mod.Phys.
D23 (2014) 3010, 1411.3712.
[18] D. Langlois, M. Mancarella, K. Noui, and F. Vernizzi, “Effective Description of Higher-Order
Scalar-Tensor Theories,” JCAP 1705 (2017), no. 05 033, 1703.03797.
19
[19] C. Lin, S. Mukohyama, R. Namba, and R. Saitou, “Hamiltonian structure of scalar-tensor theories
beyond Horndeski,” JCAP 1410 (2014), no. 10 071, 1408.0670.
[20] C. Deffayet, G. Esposito-Farese, and D. A. Steer, “Counting the degrees of freedom of generalized
Galileons,” Phys. Rev. D92 (2015) 084013, 1506.01974.
[21] D. Blas, O. Pujolas, and S. Sibiryakov, “Models of non-relativistic quantum gravity: The Good, the
bad and the healthy,” JHEP 04 (2011) 018, 1007.3503.
[22] D. Blas and S. Sibiryakov, “Horava gravity versus thermodynamics: The Black hole case,” Phys. Rev.
D84 (2011) 124043, 1110.2195.
[23] P. Berglund, J. Bhattacharyya, and D. Mattingly, “Towards Thermodynamics of Universal Horizons
in Einstein-ther Theory,” Phys. Rev. Lett. 110 (2013), no. 7 071301, 1210.4940.
[24] A. Wang, “Ho?ava gravity at a Lifshitz point: A progress report,” Int. J. Mod. Phys. D26 (2017),
no. 07 1730014, 1701.06087.
[25] G. Gabadadze and L. Grisa, “Lorentz-violating massive gauge and gravitational fields,” Phys. Lett.
B617 (2005) 124–132, hep-th/0412332.
